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Abstract 

In this report, we reply to a recent comment by Carl M. Bender, Gregorio Benincasa and Hugh 
F. Jones on our work 'New ansatz for metric operator calculation in pseudo-Hermitian field theory 
(Phys. Rev. D. 79, 107702 (2009)). In fact, they figured out that there exist sign errors in our 
work which leaded to the conclusion of the invalidity of the ansatz introduced in our work. Here, 
we show that, the ansatz is valid in d+l space-time dimensions, which by itself is a new and very 
important result. The importance of the work comes from the fact that it is the first time to 
have a metric operator for a quantum field theory which is local in the fields as well as valid in 
3 -|- 1 space-time dimensions. Moreover, it is composed of the operators in the Hamiltonian itself 
which makes the Feynmann diagram calculations for the physical amplitudes go the same way as 
in conventional theories. 
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In a recent comment, Carl M. Bender, Gregorio Benincasa and Hugh F. Jones |l| found 
out some sign errors in our work in Ref.|2] which leaded them to conclude that the ansatz 
introduced in our work in Ref. ^ does not work in any space-time dimensions. In this report, 
we will show that the ansatz is valid not only in 1 + 1 space-time dimensions but also in all 
the space-time dimensions and represents the first calculations for a metric operator in the 
real world for a non-trivial non-Hermitian field theory. 

The calculations of the metric operator are indispensable for any physical calculations 
in a pseudo-Hermitian theory. An important property of the metric operator is that it is 
not unique js, Q, 1^, I?, O]. This gives us the freedom to conjecture a simple form that 



can be employed in the calculations of the physical amplitudes in a practical way. In Ref. 



his 

fl. 



9j, a form of the C operator is obtained for the i<p^ field theory in 1 -|- 1 dimensions. T 
form is non-local in the fields and includes complicated parameters. In our work in Ref. 
we introduced a new ansatz for the metric operator which is local in the fields and of fixed 
parameters as well. The idea of the ansatz is that the metric operator is conjectured to be 
a functional of all the operators in the Hamiltonian. To advocate this nice and interesting 
idea, in the following we present the final results of the first order Q operator for the i(p^ field 
theory. Note that, in the following, when two gradient operators appears in some formula 
this means that there exists an inner product between them i.e VV = V ■ V. 
Now, consider the Hamiltonian model of the form; 

((V0)' + TT^ + m'^') + igct)\ (1) 

where ^ is the field operator, tt is the conjugate momentum and g is the coupling constant. 
The metric operator can be assumed to have the form rj = exp {—Q), where Q is Hermitian. 
Note that, although the Hamiltonian in Eq.([T]) is non-Hermitian in a Hilbert space with the 
Dirac sense inner product, it is Hermitian in a Hilbert space endowed by the inner product 
{n\r]\n). 

To obtain Q, we rename the terms in the Hamiltonian as; 



H = Ho + gHi 



HT = i d'^x 



2 



d is the spatial dimension. In using the relation W = r]Hri ^, we get 



= exp{-Q)H exp(g) = H+ [-Q, H] 

, [-Q,[-QA-Q,H]]] , 
+ 3, +•-, 



-Q,[-Q,H]] 

2! 



where 



Q = Qo + 9Qi + g^Q2 + +9'^Q3 + •■ 

Up to first order in the coupling, we have the operator equation; 



2Ht 



-Qi, Hq 



In Ref.|2|, we conjectured Qi to have the form; 



Qi = CiJ d^zTi^z) + ^ j d'^z {n{z)(t>\z) + ct){z)'K{z)4>{z) + (t>\z)Ti{z)) 



d'^z {ti{z)V<P{z)V<P{z) + V(t){z)T({z)V(l){z) + V(l){z)V(t){z)'n{z)) 



To get the parameters Ci, C2 and C3, we substitute this form of Qi in Eq. ([2]) 
Now, in commuting the first term in Qi with the second term in Hq we get; 



Ci j d'^x I d'^z 
3i 



'K\z),\v^(i){x) V,0(x) 



j d''xn\x)Vl(j)ix) + ^Ci J d'^xVlcPix) 7t^{x), 

where it differers from the result in Ref . |^ by an overall negative sign. 
For the first term in Qiwith the third in Hq, we have 



-m 



Ci / d'^x / d'^z [ir%z),^{x)(/){x)] 



—3i f —3i f 

= —^m^Ci / d'^xTT'^{x)(j){x) + -^m^Ci / d'^x(j) (x) 7r'^{x). 

Now, for the second term in Qiwith the first in Hq, we then have; 

^ jd'^xj d^z [n{z)<P^{z) + (j){z)7r{z)<P{z) + <p\zMz),7r^{x)] 

= iC2 / d'^x(j){x)Tc'^{x) + iC2 / d'^x7r'^{x)(p{x) 



Also, for the second term in Qiwith the second in Hq, we have; 

d'^x J (fz [K{z)(t)'^{z) + (t){z)n{z)(t>{z) + (t>^{z)n{z),V ^(t){x) V^(/) (x)] 
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where it differers from the result in Ref . {2] by an overall negative sign. 
For the second term in Qiwith the third in Hq, we have 



6 

For the commutator of the third term in Qi with the first in Hq\ 



^ j d'x j d^z [V,0(z)V,(/)(2)7r(2) + V,0(^)7r(^)V,(/)(z) + 7r(2)V,0(;2)V,0(2),7r2(x)] 
= -iCz / d'^x'K{x)'K{x)V'^(t){x) - iCj, / (i''xV^0(x)7r(x)7r(x). 



For the third of Qi with the second in Hq we get; 



^ I d'x I d'z 



\/,(p{z)V,(i)iz)TT{z) + V,(j){z)7r{z)\/,(l){z) 
+n{z)V,(f){z)V,(l){z), V,(/)(x)V,(/)(x) 



= ^C3j d''xV'(t>{x)V(t>{x)V(t>{x). 

Also, for the third of Qi with the third in Hq we get; 
then 
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^ ' d'^x I d'^z 



V ,(l){z)V ,(I){z)'r{z) + V ,<P{z)7i{z)V ,<p{z) 
+Ti{z)V,(t){z)V,(t){z),(l){x)(t){x) 



d'^xV^(t){x)^'^{x) 



For Eq.([2]) to be satisfied, we have the following algebraic equations; 

|Ci - iC^ = 0, 

—3? 

—-m^Ci + iC2 = 0, 



—iC2m = 2i, 
H — = 0. 

Moreover, we have the integral J d'^xV'^(p{x)V(fi{x)V(fi{x) which has to vanish as well. In 
fact, the above set of equations are inconsistent as they are four different equations in three 
unknowns. Nevertheless, one can verify the validity of the ansatz. To show this, we consider 
the fact that the quantized fields have to satisfy the klein-Gordon equation because we have 
the relation; 

7r = -i [tt, H] = ( - - 3ig^) 0, (9) 

which is nothing but the klein-Gordon equation for the field <p. This non-linear equation 
can be solved exactly in the static frame with the solution given by |lO|; 

im^ 2 f TTT' (x + y + z) 
(p [x, y, z) = — — seek ' 



^9 V 2V3 

Since the field (p (x) transforms as (p (Ax) under Lorentz group, one can get the exact solution 
at any frame of reference. With no loss of generality, let us assume the motion to be in the 
x-direction with a velocity v, then one have the solution; 



'■J 

,2 



im^ 2 fm{'y{x-vt) + y + z) 
(p{x,y,z,t) = — — seek ' 



2c? V 2^3 

where 7 is the Lorentz factor. This solution has the following properties; 

0^6 



= (3 - 2v^) 



dx 



2 ' 



dy dz dx ' 



^ dt dx 



Accordingly we have; 



V^0(x) (V0(x))^ = {v^ - 2) (-3 + 2v^) (g) (0 



V^(j){x)7c\x 
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and since the integral J dx^-^^ i^^BT'^ ^ vanishing surface term then the integrals 
j d'^x'V'^(p{x)'V(f){x)'V(f){x) and J d'^x'V'^(p{x)7r'^{x) also vanish. Accordingly, for Eq.([2]) to be 
satisfied we only have the following three algebraic equations for the parameters Ci, C2 and 

^m'Ci + tC2 = 0, 
—iC2'm'^ = 2i, 
tC2 + = 0. 

In other words, we have the parameters values as Ci = —3^, C2 = — C3 = which is 
the same result reported in our work in Ref. 2|] except that C3 has reversed its sign. 



To conclude, we have shown that the ansatz introduced in our work [2] is applicable in 
any space-time dimensions although of the sign errors mentioned in Ref.|l|. To show this, 
we relied on the properties of the exact form of the field which assured the validity of the 
ansatz. In fact, our ansatz is an important starting point for a concrete formulation of 
pseudo-Hermitian field theories since it is local in the fields and of simple shape. Moreover, 
the ansatz represents the first calculation for the metric operator of a non-trivial pseudo- 
Hermitian scalar field theory in the real world of 3 + 1 space-time dimensions. 
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